We show how a singly quantized vortex can exhibit energetically stable defect cores with different symmetries in an atomic spin-1 polar Bose-Einstein condensate, and how a stable topologically nontrivial Skyrmion texture of lower dimensionality can be confined inside the core. The core isotropy and the stability of the confined texture are sensitive to Zeeman level shifts. The observed structures have analogies, respectively, in pressure-dependent symmetries of superfluid liquid 3 He vortices and in the models of superconducting cosmic strings.
Topological defects and textures cannot be removed from the system by any continuous local transformation, rendering them inherently robust and stable. Their topological properties are universal throughout nature from high-energy physics and cosmology to superfluids and liquid crystals [1] . Defects and textures in different physical systems can therefore frequently be characterized by generic effective theories that are less sensitive to underlying microscopic interactions between constituent particles. Here the highly accessible atomic systems provide unprecedented opportunities to act as simulators [2, 3] of phenomena in condensed-matter systems, high-energy physics and cosmology. For instance, defect formation in nonequilibrium phase transitions using the KibbleZurek mechanism [4, 5] has been realized experimentally in both scalar and spinor atomic Bose-Einstein Condensates (BECs) [6] [7] [8] [9] and the creation of black-hole analogs has been proposed theoretically [10] . Studies of cosmological phenomena are also known in superfluid liquid 3 He [11] [12] [13] , despite their less flexible experimental control and more indirect detection methods.
Recent experimental progress in the studies of spinor-BEC topological defects and textures has culminated in the controlled preparation [14, 15] of the atomic superfluid analogs of Dirac [16] [17] [18] and 't Hooft-Polyakov [19, 20] monopoles, coreless textures [21] [22] [23] [24] , and in situ observation of the spontaneous breaking of core axisymmetry of a singly quantized vortex. In the last case the vortex with an initially isotropic core split into two halfquantum vortices [25] , confirming the theoretical prediction [26] .
In this Letter, we demonstrate that the stable core of a singly quantized spin-1 vortex, which was studied in the recent experiments [25] , can exhibit different axisymmetries that continuously vary with imposed Zeeman shifts, and that the vortex core can host energetically stable, topologically nontrivial confined spin textures. The coexistence of energetically stable vortex cores exhibiting different symmetries is analogous to the vortex cores of different isotropies encountered in superfluid liquid 3 He [27] [28] [29] . The confined stable spin texture inside the vortex corresponds to a continuous one-dimensional (1D) baby Skyrmion [30] .
Defects or textures of lower dimensionality that are confined inside the cores of singular host defects form elegant topological objects. Here we show that a 1D texture trapped inside the core of a singular vortex line can be prepared and energetically stabilized by engineering spatial profiles of the Zeeman shifts. These fix the boundary conditions on the spin texture, ensuring that it corresponds to a 1D baby Skyrmion with a nontrivial 1/2 topological charge, forming an analogy to the Witten model of a scalar field winding along a cosmic string defect line [31] . A closed loop of such a string is a cosmic vorton [32] . Although the analogs of vortons and 3D Skyrmions [33] have been actively investigated in atomic BECs [34] [35] [36] [37] [38] [39] , their experimental preparation has proved to be challenging due to their inherently complex 3D structure-complications that could be avoided by the simple preparation protocol of the confined 1D texture we propose here. Aside from their interest in cosmology, lower-dimensional Skyrmions confined by domain walls or singular line defects appear also in highenergy physics [40] , e.g., as the stable state of confined monopoles in quantum chromodynamics (QCD) [41] [42] [43] [44] .
In the mean-field theoretical model the condensate wave function Ψ is represented by the atomic density n = Ψ † Ψ and a three-component spinor ζ, such that
The expectation value F of the spin operator gives the local condensate spin. The Hamiltonian density is then [45] 
where
)n, assuming a slightly prolate trap. Linear and quadratic Zeeman shifts are represented by p and q. The interaction strengths are given by c 0 = 4π 2 (2a 2 + a 0 )/3m and c 2 = 4π 2 (a 2 −a 0 )/3m, where a f is the s-wave scattering length in the spin-f channel.
There are several theoretical studies of vortex structures in spin-1 BECs [26, [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] that result from the rich order parameter space supported by the Hamiltonian (2). Here we assume c 0 , c 2 > 0 (we take the value c 0 /c 2 ≃ 28 for 23 Na [60] ), in which case the interaction energy favors the polar phase with | F | = 0 (for a uniform system). The order parameter ζ is then fully specified by the condensate phase τ and an unoriented unit vectord [30, 47] , exhibiting nematic order : ζ(τ,d) = ζ(τ + π, −d). Vortices may then be characterized by the winding of both τ andd, where, however, only τ contributes to the superfluid current and determines the topological charge. The nematic order leads to the existence of half-quantum vortices where a ±π winding in τ is compensated by â d → −d rotation [47] . These were recently observed in experiment [25] . Note that the name half-quantum vortex is sometimes used also in two-component condensates, e.g., of exciton-polaritons [61, 62] , where, however, the structure does not arise from nematic order as in superfluid liquid 3 He [27, 28] , liquid crystals [63] , or atomic BECs, but is more reminiscent of a topologically very different coreless vortex [64] . In the spin-1 BEC, the nematic order also allows several different ways of forming a vortex with a given topological charge (see for example Refs. [45, 65] for detailed presentations of the basic vortices). Here we consider a singly quantized vortex with an associated 2π winding ofd. This may be written as
such thatd = cos ϕ sin βx + sin ϕ sin βŷ + cos βẑ and τ = ϕ [47] , where ϕ is the azimuthal angle and β the angle betweend and the z axis (taken to be constant).
We numerically minimize the mean-field energy, Eq. (2), in the frame rotating at frequency Ω (chosen to keep the vortex stable) around the z axis, for different core structures of the singly quantized polar vortex. This is done by propagating the Gross-Pitaevskii equations obtained from (2) in imaginary time using the split-step algorithm [66] . We choose the nonlinearity N c 0 = 5000 ωℓ
For 23 Na scattering lengths [60] , this yields N ω 1/2 ≃ 7.5 × 10 6 s −1/2 between the number of atoms and the trap frequency. For example, in a typical trap with ω = 2π×10Hz, this corresponds to N ≃ 10 6 atoms. We consider initial states constructed from Eq. (3), and determine the relaxed state in the presence of uniform and nonuniform Zeeman shifts p and q.
In addition to the Zeeman shifts arising from external magnetic fields, an AC Stark shift corresponding to a highly tunable quadratic level shift may be induced by combining a static magnetic field with a microwave dressing field [67] . This method has already been applied to the study of spin textures [68] . Level shifts may also be induced by lasers [69] , which can allow for increased spatial control.
When c 0 > c 2 , it is energetically favorable for a polar vortex to exhibit a core with nonzero superfluid density where the BEC reaches the FM phase at the line singularity [20, 26, 57] . For weak Zeeman shifts, this mechanism was predicted to lead to breaking of axisymmetry in the vortex core by splitting of the singly quantized vortex into a pair of half-quantum vortices, exhibiting FM cores whose spins anti-align, and preserving the topology away from the core region [26, 30] . The theoretical prediction was confirmed by the very recent in situ observation of the dissociation process [25] , where isotropic vortices were prepared by means of trap and spin rotation.
Here we find that the symmetry of the vortex core is sensitive to the tunable Zeeman shifts. In particular, sufficiently large (spatially uniform) p and q may partially or completely restore the axial symmetry of the vortex core. This is illustrated in Fig. 1 , showing | F | at its local minimum between the singular lines, providing a measure for the degree of core splitting, along with examples of stable vortex core structures exhibiting different axisymmetry. A positive quadratic shift favors population of the ζ 0 component and acts to compress the core region. However, this still exhibits two distinct singular lines with antialigning spins, forcing the wave function to the polar phase between them, also as q increases. If in addition p is sufficiently large, the spins bend towards the z direction, and since the spins then do not antialign, a contiguous nonpolar core region can form. As p and q increase, the half-quantum vortex cores gradually merge, forming a nonpolar core with broken axisymmetry, until the splitting is suppressed entirely as p 0.1 ω and q 0.5 ω [cf. Fig. 1(d) ], leading to a single, axisymmetric FM core. When p approaches 0.2 ω and q comes close to the trap energy, the density in the vortex core is decreased, and the population of ζ − suppressed.
The existence of rich vortex core topologies has been predicted in superfluid liquid 3 He [27, 28] . Owing to the flexibility of experimental preparation of atomic spinor gases and the atomic physics technology for direct detection and control, the studies of vortex core structures could be less challenging in atomic BECs. The coexistence of stable vortices with different core symmetries in a spin-1 BEC is similar to that observed for B-phase vortices in superfluid liquid 3 He as the pressure is varied [29, [70] [71] [72] . At high pressure, an axially symmetric vortex core where the A phase appears on the singular line [70] has the lower energy [71, 72] . However, at lower pressure, energy is instead minimized by the "double-core vortex" [71, 72] , in which the extended core region corresponds to two half-quantum vortices in the planar phase. In contrast to the continuously variable vortex-core symmetry in the spinor BEC, the transition between the two core structures in 3 He is first order [28, 71, 72] .
So far we have shown that spatially uniform Zeeman shifts can lead to energetically stable vortex cores of different symmetries. We now proceed to show that nontrivial, lower-dimensional textures confined inside vortex cores can be engineered and stabilized by designing Zeeman shifts with a nonuniform spatial profile. In doing so, we consider again the singly quantized vortex in Eq. (3). However, we now make the additional assumption that the linear Zeeman shift has an engineered, nonuniform spatial dependence p(z), with different sign for positive and negative z. The Zeeman energy strives to orient the spins in opposite directions in the two parts of the vortex core. For simplicity, we assume a linear gradient in p between limits ±|p lim | reached well within the extent of the gas. If |p lim | is sufficiently large, the spin bending energy may be overcome and a nontrivial spin texture can be stabilized. We further take the (spatially uniform) quadratic shift q > 0 to be sufficiently large that the splitting instability of the vortex is strongly suppressed. The ground-state solution in the uniform system for the chosen parameters is the polar phase [45, 73, 74] . We numerically minimize the energy in the rotating frame.
A typical example of the resulting core structure is shown in Fig. 2 , where an energetically stable, continuous spin texture has emerged in the vortex core. Away from the origin, the axial symmetry of the vortex core is not broken. Around the origin, however, the vortex splits into two separate cores over a short distance as p switches sign. The size of this region is insensitive to a very sharp p gradient but becomes more pronounced if the variation is slow compared with the spin healing length ξ F = /(2m|c 2 |n) 1/2 . As the quadratic level shift q is increased, the unsplit vortex core of the singly quantized vortex becomes more sharply defined and more ax- ially symmetric, and the spin texture consequently increasingly 1D.
The spin-vector field inside the vortex core relaxes into a continuous texture where the condensate spin asymptotically orients in opposite directions for positive and negative z. (Note that the spin texture in a plane perpendicular to the vortex line changes from radial to cross disgyration across the origin. This is possible due to the local splitting of the core.) One may then think of the engineered linear Zeeman shift as imposing fixed boundary conditions on the spin in the relaxed state due to an energetic constraint. The FM core provides an energetic confinement for the spin texture, as | F | quickly falls off towards zero outside it. The spin texture along each singular line, where | F | = 1, may then be viewed as a 1D baby Skyrmion, exhibiting a nonsingular, nontrivial winding of the spin vector from −ẑ toẑ (cf. schematic illustration in Fig. 3) .
The 1D baby-Skyrmion texture constitutes a lowerdimensional version of 3D Skyrmions, which are 3D localized particlelike textures [34] , or 2D baby Skyrmions, which are 2D fountainlike textures (Anderson-ToulouseChechetkin coreless vortices [75, 76] ). The winding of the 1D Skyrmion texture inside the vortex line is similar to the winding of a scalar field along a defect line in the Witten model of superconducting cosmic strings [31] . Closed loops of such strings constitute cosmic vortons, which are closely related to the 3D Skyrmion [32] . While attracting considerable theoretical interest, analogs of vortons and Skyrmions have proved difficult to realize in experiment due to the complicated 3D texture. Here our proposed method for creating a 1D Skyrmion could provide an experimentally simpler analog.
The 1D spin texture can be characterized by a winding number
where θ is the angle between the spin vector and the vortex line (see Fig. 3 ), and the integration interval covers the whole texture. W is then the number of times the spin winds around the corresponding order-parameter space S 1 , and consequently takes an integer value when the asymptotic spin vector is the same at both ends of the texture. Whenever the boundary conditions are fixed, for example by energetic constraints, W represents a conserved topological charge. Here the boundary conditions imposed by the Zeeman energy are θ(z → z − ) = 0 and θ(z → z + ) = π, and we may thus ascribe a charge W = 1/2 to the texture in Fig. 2 . Similar 1D baby-Skyrmion textures along vortex lines appear in supersymmetric extensions of QCD [40] . For example, a confined 1D Skyrmion texture forms the stable state of a confined monopole [41] [42] [43] [44] . In this case a spin field n is confined to the core of a vortex line. For the boundary conditions n z (z → +∞) = +1 and n z (z → −∞) = −1, analogous to those given by the Zeeman shifts in the atomic system, n takes the form n z = cos θ, n x = sin θ, where θ = 2 arctan{exp[ √ 2m(z − z 0 )]} is a sine-Gordon kink solution with the kink at z 0 . The corresponding n texture is then similar to Fig. 3 and to the confined-Skyrmion spin texture found numerically for the spinor BEC in Fig 2. Our results demonstrate that energy relaxation under engineered Zeeman shift may be used to experimentally realize the different core symmetries and the confined baby-Skyrmion texture in the atomic spinor BEC. The laser stirring in combination with a spin rotation used to generate the singly quantized vortices in the recent core-splitting experiment [25] could be directly applied to create the vortices. Alternatively, singular vortices can be prepared using phase-imprinting techniques [22, 64, [77] [78] [79] . The core structure can subsequently be measured in situ by phase-contrast imaging, as used in the recent vortex experiment [25] , or detected by ballistic expansion and separation of the spinor components.
In conclusion, in a system analogous to recent spinor experiments [25] we have demonstrated the existence of different vortex core topologies and composite defects where a stable lower-dimensional Skyrmion texture is confined inside the core of a vortex line. For a singular spin-1 vortex line the spontaneous breaking of the axisymmetry of the vortex core was experimentally observed [25] . We found that the core isotropy is sensitive to tunable Zeeman shifts leading to the coexistence of different stable vortex core symmetries, where the broken symmetry could be continuously restored by experimental control. This could open up possibilities for the studies of rich vortex core topologies previously predicted for superfluid liquid 3 He [27, 28] . Adding spatially nonuniform Zeeman shifts results in a stable nonsingular 1D Skyrmion spin texture that is confined inside the singular vortex line core. Remarkably, this confined texture emerges from a continuous spin-1 condensate with only a single chemical potential everywhere in space. The structure is analogous to the models of superconducting cosmic strings, and is also reminiscent of confined textures in QCD. In the cosmological models a scalar field winding along a cosmic string defect is considered to provide additional stability for the string that could be further investigated in the atomic system. In the atomic superfluid a rapid rotation leads to a vortex lattice with a Skyrmion spin texture trapped along each vortex line, which can be used in studies of collective interactions between the lower-dimensional confined textures. Moreover, when a spatially nonuniform Zeeman shift profile is combined with phase transition dynamics involving spontaneous defect formation [6] [7] [8] [9] , we can also envisage simplified simulation models for superconducting cosmic string formation scenarios, where the Kibble-Zurek mechanism would involve an internal defect structure.
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Supplemental Material
In this Supplemental Material we provide additional discussion of the breaking of axisymmetry in the core of a stable singly quantized vortex in the polar phase of the spin-1 BEC. We also give a brief overview of the Skyrmion textures in different dimensions.
BREAKING OF VORTEX-CORE AXISYMMETRY
In the main text, we show that the singly quantized vortex without internal structure can exhibit different, energetically stable core symmetries as the (spatially uniform) Zeeman shifts are varied. When the level shifts are weak, energy relaxation leads to spontaneous breaking of axial symmetry in the core, splitting the vortex into two half-quantum vortices, as predicted in Ref. [26] . This splitting of the vortex core was recently experimentally observed for a 23 Na spin-1 BEC of 3.5 × 10 6 atoms in an oblate trap with (ω x , ω y , ω z ) = 2π×(4.2, 5.3, 480) Hz [25] . In this experiment, singly quantized vortices were created in a condensate initially occupying only the m = 0 Zeeman level. A spin rotation is then applied by tuning the quadratic Zeeman shift (induced using microwave dressing [67] ) to transfer population to the m = ±1 levels. After the spin rotation, the vortices are observed to split into half-quantum vortex pairs with opposite core spin polarization. The resulting half-quantum vortices were identified by in situ imaging [25] , in which spindependent phase-contrast imaging is used to map out the condensate magnetization. The oppositely magnetized FM cores of the half-quantum vortices can then be discerned.
The breaking of axisymmetry and splitting of the singly quantized vortex is made possible by the (uniaxial) nematic order exhibited by the polar phase of the spin-1 BEC, which allows the existence of half-quantum vortices. The polar order parameter may be expressed in terms of a condensate phase τ and a unit vectord as [47] 
(In the last expressiond has been parametrized in terms of azimuthal and polar angles α and β, for later convenience). Note that ζ(τ,d) = ζ(τ + π, −d). These two states must therefore be identified, and the vectord is understood as an unoriented nematic axis. Rotations of d do not contribute to the superfluid flow, making it possible to form a vortex carrying half a quantum of circulation by letting a π winding of τ around the vortex line be accompanied by ad → −d rotation of the nematic axis, keeping the order parameter single-valued. For example, taking d z = 0 for simplicity, a half-quantum vortex can be written as
where ϕ is the azimuthal coordinate around the vortex line. Nematic order also gives rise to half-quantum vortices in, e.g., the A phase of superfluid liquid 3 He [28] , and to π-disclinations in nematic liquid crystals [63] . The name is also sometimes used in the context of excitonpolariton condensates in reference to a vortex with a π rotation of linear polarization of the photon component [61, 62] . This does not, however, arise from nematic order, but is more reminiscent of a topologically very different coreless vortex in a two-component BEC [64] .
We can now understand the splitting of the singly quantized vortex given by Eq. 
Here the spinors on the right-hand side represent halfquantum vortices [cf. Eq. (S2)]. In these, ϕ 1,2 are the azimuthal angles relative to each vortex line, and the spinors describe the wave function locally around each vortex core. Away from the core region, the wave function still corresponds to the original singly quantized vortex. (Note that ⊕ here indicates the addition of topological defects.)
SKYRMIONS AND BABY SKYRMIONS
Nonsingular textures may be topologically nontrivial by considering maps from a compactified real space to the compact order-parameter space. When the order parameter reaches the same value everywhere sufficiently far away from the (particlelike) texture, the entire boundary enclosing the texture may be identified and the volume in R 3 becomes topologically S 3 (a unit sphere in four dimensions). One may then think of the S 3 → S An S 2 order-parameter space, may similarly be distributed over a (2D) real-space surface with fixed, uniform boundary conditions (corresponding to an S 2 → S 2 map). Such a 2D Skyrmion is commonly referred to as a (2D) "baby Skyrmion", being the topologically lowerdimensional analog of the full 3D Skyrmion, and may be realized as a coreless vortex [21] [22] [23] [24] . The dimensionality of the baby Skyrmion may be further reduced by considering an S 1 order parameter. For uniform boundary conditions such that 1D space can be compactified to S 1 , the resulting S 1 → S 1 map defines a 1D baby Skyrmion. In our system a ferromagnetic spin texture confined inside the core of a vortex line exhibits fixed boundary conditions. As the boundary conditions are twisted (the orientation of the spin vector differs by π in the two ends of the vortex line, the 1D Skyrmion winding number is equal to 1/2. Any further winding of the spin texture would lead to higher Skyrmion winding numbers.
